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ON THE CONSTANT IN THE POLYA-VINOGRADOV
INEQUALITY
BRYCE KERR
Abstract. In this paper we obtain a new constant in the Po´lya-
Vinogradov inequality. Our argument follows previously estab-
lished techniques which use the Fourier expansion of an interval
to reduce to Gauss sums. Our improvement comes from approx-
imating an interval by a function with slower decay on the edges
and this allows for a better estimate of the ℓ1 norm of the Fourier
transform. This approximation induces an error for our original
sums which we deal with by combining some ideas of Hildebrand
with Garaev and Karatsuba concerning long character sums.
1. Introduction
Given integers q,M and N and a primitive multiplicative character
χ mod q we consider estimating the sums
S(χ,M,N) =
∑
M<n6M+N
χ(n),
and when M = 0 we write
S(χ, 0, N) = S(χ,N).
The first nontrivial result in this direction is due to Po´lya and Vino-
gradov from the early 1900’s and states that
S(χ,M,N) 6 cq1/2 log q,(1)
for some constant c independent of q. Up to improvements in the con-
stant c this bound has remained sharpest known for the past 100 years
and a fundamental question in the area of character sums is whether
c can be taken arbitrarily small. Montgomery and Vaughan [20] have
shown conditionally on the Generalized Riemann Hypothesis that
S(χ,M,N)≪ q1/2 log log q.
This would be best possible since Payley [21] has shown that there
exists an infinite sequence of integers q and characters χ mod q such
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that
max
16N<q
S(χ,N)≫ q1/2 log log q.
Although making a o(1) improvement on the Po´lya-Vinogradov in-
equality for all characters χ and intervals (M,M +N ] remains an open
problem, there has been progress in determining general situations
where such improvements can be made. Concerning short character
sums, a classic result of Burgess [5, 6] states that for any primitive χ
|S(χ,M,N)| 6 N1−1/rq(r+1)/4r
2+o(1),
provided r 6 3 and for any r > 2 if q is cubefree. Hildebrand [15] has
shown that one can improve on the constant in the Po´lya-Vinogradov
inequality given estimates for short character sums and Bober and
Goldmakher [2] and Fromm and Goldmakher [10] have shown how im-
provements on the constant in the Polya-Vinogradov inequality may be
used to obtain new estimates for short character sums. See also [17] for
a logarithmic improvement on the Burgess bound for prime modulus.
Concerning long character sums, Hildebrand [16] has shown that if
χ(−1) = 1 then
|S(χ, αq)| < εq1/2 log q,
for all α ∈ (0, 1) except for a set of measure q−c1ε and that if α = o(1)
and χ(−1) = 1 then
S(χ, αq) = o(q1/2 log q).
Bober and Goldmakher [1] and Bober, Goldmakher, Granville and
Koukoulopoulos [3] have obtained much more precise results concerning
the distribution of long character sums and Granville and Soundarara-
jan [13] have obtained results concerning the distribution of short char-
acter sums. Granville and Soundararajan [14] have also shown that
S(χ,N)≪ q1/2(log q)1−δg/2+o(1),
if χ has odd order g, where
δg = 1−
g
π
sin
π
g
,
and the factor δg/2 occuring above has been improved by Goldmakher [12]
and Lamzouri and Mangerel [19].
We consider the problem of estimating S(χ,M,N) uniformly over
χ,M and N in the Po´lya-Vinogradov range. Since the work of Po´lya
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and Vinogradov there have been a number of improvements to the con-
stant c occuring in (1). The sharpest constant is due to Pomerance [22]
and is based on ideas of Landau [18] and an unpublished observation
of Bateman, see [15]. In particular, Pomerance [22, Theorem 1] shows
that
|S(χ,M,N)| 6
{(
2
pi2
+ o(1)
)
q1/2 log q, if χ(−1) = 1,(
1
2pi
+ o(1)
)
q1/2 log q, if χ(−1) = −1.
Pomerance gives the lower order terms explicitly and these have been
improved by Frolenkov [8] and Frolenkov and Soundararajan [9]. In the
case of intervals starting from the origin one may obtain better con-
stants with the sharpest given by Granville and Soundararajan [14].
In this paper we obtain a new constant in the Po´lya-Vinogradov
inequality for arbitrary intervals. Our argument follows previously es-
tablished techniques which use the Fourier expansion of an interval to
reduce to Gauss sums. Our improvement comes from approximating
an interval by a function with slower decay on the edges which allows
for a better estimate of the ℓ1 norm of the Fourier transform. This
induces an error for our original sums which we deal with by combin-
ing some ideas of Hildebrand [15] with Garaev and Karatsuba [11]. A
new feature of our argument is that we use estimates for long character
sums to improve on the constant in the Po´lya-Vinogradov inequality.
For example, if one could show that for any ε > 0 we have
S(χ,M,N) = o(q1/2 log q),
for arbitrary M whenever N < q1−ε and sufficiently large q then it
would follow from our argument that
S(χ,M,N) = o(q1/2 log q),
for arbitrary M and N .
2. Main result
Our main result is as follows.
Theorem 1. For integer q we define
c =
{
1
4
if q is cubefree,
1
3
otherwise.
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For any primitive character χ mod q and integers M and N we have∣∣∣∣∣ ∑
M<n<M+N
χ(n)
∣∣∣∣∣ 6 (1 + o(1)) 4cπ2 q1/2 log q.
3. Preliminary estimates for character sums
The aim of this section is to obtain estimates for long character
sums which will be required for the proof of Theorem 1. The following
Lemma is a consequence of the work of Burgess [4, 5, 6].
Lemma 2. Let q, V and r > 2 be positive integers satisfying
V 6 q1/2r,
and suppose χ is a primitive character mod q. Then we have∑
16v1,...,v2r6V
∣∣∣∣∣
q∑
λ=1
χ
(
(λ+ v1) . . . (λ+ vr)
(λ+ vr+1) . . . (λ+ v2r)
)∣∣∣∣∣≪ q1/2+o(1)V 2r,
for r 6 3 and any r > 2 provided q is cubefree.
For a proof of the following, see [7].
Lemma 3. Let q,M,N and U be integers satisfying
2NU < q.
The number of solutions to the congruence
n1u1 ≡ n2u2 mod q,
with variables satisfying
M < n1, n2 6M +N, 1 6 u1, u2 6 U,
is O(NU log q).
The following is a variant of the Burgess bound for twists of charac-
ters to small modulus.
Lemma 4. Let q,M,N, k and r be integers satisfying
N 6 q1/2+1/4r .
Let χ be a primitive character mod q and ψ be any multiplicative char-
acter mod k. Then we have∑
M<n6M+N
ψ(n)χ(n)≪ kN1−1/rq(r+1)/4r
2+o(1),
for r 6 3 and any r > 2 provided q is cubefree.
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Proof. We fix an integer r > 2 and a sufficiently small ε > 0 and
proceed by induction on N . We formulate our induction hypothesis as
follows. For any integers M and K we have∣∣∣∣∣ ∑
M<n6M+K
ψ(n)χ(n)
∣∣∣∣∣ 6 ckK1−1/rq(r+1)/4r2+ε,
for some constant c to be determined later which may depend on ε.
Since the result is trivial for K 6 q1/4 this forms the basis of our
induction. Define the integers
U =
⌊
N
8q1/2r
⌋
, V =
⌊
q1/2r
k
⌋
,
and note that
UV 6
N
8k
.
For any integer y < N we have∑
M<n6M+N
ψ(n)χ(n) =
∑
M−y<n6M+N−y
ψ(n+ y)χ(n+ y)
=
∑
M<n6M+N
ψ(n + y)χ(n+ y) +
∑
M−y<n6M
ψ(n + y)χ(n+ y)
−
∑
M+N−y<n6M+N
ψ(n+ y)χ(n+ y),
and hence by our induction hypothesis∑
M<n6M+N
ψ(n)χ(n) =
∑
M<n6M+N
ψ(n + y)χ(n+ y) +
θc
2
kN1−1/rq(r+1)/4r
2+ε.
for some |θ| 6 1 depending on y. Let U denote the set
U = {1 6 u 6 U : (u, q) = 1},
and average the above over integers of the form kuv with u ∈ U and
1 6 v 6 V to get∣∣∣∣∣ ∑
M<n6M+N
ψ(n)χ(n)
∣∣∣∣∣ 6 1V |U||W |+ c2kN1−1/rq(r+1)/4r2+ε,(2)
where
W =
∑
M<n6M+N
∑
u∈U
∑
16v6V
ψ(n+ kuv)χ(n+ kuv).
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Since ψ has modulus k, we have
|W | 6
∑
M<n6M+N
∑
u∈U
∣∣∣∣∣ ∑
16v6V
χ(nu−1 + kv)
∣∣∣∣∣
=
q∑
λ=1
I(λ)
∣∣∣∣∣ ∑
16v6V
χ(λ+ kv)
∣∣∣∣∣ ,
where I(λ) counts the number of solutions to the congruence
nu−1 ≡ λ mod q, M < n 6M +N, u ∈ U .
By Ho¨lder’s inequality
|W |2r 6
(
q∑
λ=1
I(λ)
)2r−2( q∑
λ=1
I(λ)2
) q∑
λ=1
∣∣∣∣∣ ∑
16v6V
χ(λ+ kv)
∣∣∣∣∣
2r
 .
We have
q∑
λ=1
I(λ) = N |U| 6 NU,
and by Lemma 3
q∑
λ=1
I(λ)2 ≪ NU log q,
since NU 6 q. By Lemma 2
q∑
λ=1
∣∣∣∣∣ ∑
16v6V
χ(λ+ kv)
∣∣∣∣∣
2r
6
∑
16v1,...,v2r6V
∣∣∣∣∣
q∑
λ=1
χ
(
(λ+ kv1) . . . (λ+ kvr)
(λ+ kvr+1) . . . (λ+ kv2r)
)∣∣∣∣∣
6
∑
16v1,...,v2r6kV
∣∣∣∣∣
q∑
λ=1
χ
(
(λ+ v1) . . . (λ+ vr)
(λ+ vr+1) . . . (λ+ v2r)
)∣∣∣∣∣
6 q1/2+o(1)k2rV 2r,
since V 6 q1/2r/k, provided r 6 3 or r > 2 and q cubefree. Combining
the above estimate, we arrive at
|W |2r ≪ k2r(NU)2r−1q1/2+o(1)V 2r,
which after recalling the choice of U and V implies
|W |
|U|V
≪ kN1−1/2r
U1−1/2r
|U|
q1/4r+o(1),
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and since |U| > Uqo(1), we get
|W |
|U|V
≪ kN1−1/rq(r+1)/4r
2+o(1),
and hence
|W |
|U|V
6 c0kN
1−1/rq(r+1)/4r
2+ε/2,
for some c0 which may depend on ε, provided q is sufficiently large.
Combining the above with (2) gives∣∣∣∣∣ ∑
M<n6M+N
ψ(n)χ(n)
∣∣∣∣∣ 6 c0kN1−1/rq(r+1)/4r2+ε/2 + c2kN1−1/rq(r+1)/4r2+ε
6 c0kN
1−1/rq(r+1)/4r
2+ε,
on taking c = c0 and assuming q is sufficiently large. 
The following is due to Montgomery and Vaughan [20].
Lemma 5. Let N be a positive integer and α a real number satisfying∣∣∣∣α− aq
∣∣∣∣ 6 1q2 ,
for integers a and q satisfying (a, q) = 1. Suppose that
2 6 R 6 q 6
N
R
,
for some positive number R. Then for any multiplicative function f
satisfying |f | 6 1 we have∣∣∣∣∣ ∑
16n6N
f(n)e(αn)
∣∣∣∣∣≪ NlogN + N(logR)3/2R1/2 .
The proof of the following estimate follows the proof of Hildebrand [15,
Lemma 3] and is based on Lemma 4 and Lemma 5.
Lemma 6. For integer q we define
c =
{
1
4
if q is cubefree,
1
3
otherwise.
For any primitive character χ mod q, any ε > 0, any real number α
and any integer N satisfying
qc+ε 6 N 6 q,(3)
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we have ∣∣∣∣∣ ∑
16n6N
χ(n)e(αn)
∣∣∣∣∣≪ Nlog q ,
provided q is sufficiently large.
Proof. Let
R = (log q)3,
and apply Dirichlet’s theorem to obtain integers r and k satisfying
1 6 k 6 N/R, (r, k) = 1 and∣∣∣α− r
k
∣∣∣ 6 R
kN
.(4)
If k > R then by Lemma 5∣∣∣∣∣ ∑
16n6N
χ(n)e(αn)
∣∣∣∣∣≪ NlogN + N(logR)3/2R1/2 ≪ Nlog q ,
and hence we may suppose k 6 R. By (4) and partial summation∣∣∣∣∣ ∑
16n6N
χ(n)e(αn)
∣∣∣∣∣≪ (1 +N ∣∣∣α− rk ∣∣∣)maxM6N
∣∣∣∣∣ ∑
16n6M
χ(n)ek(rn)
∣∣∣∣∣
≪ (log q)3
∣∣∣∣∣ ∑
16n6M
χ(n)e
(rn
k
)∣∣∣∣∣ ,(5)
for some M 6 N . If M 6 qc+ε/2 then we bound summation over m
trivially to get ∣∣∣∣∣ ∑
16n6N
χ(n)e(αn)
∣∣∣∣∣≪ qc+ε/2 6 Nlog q ,
by (3). Suppose next that
M > qc+ε/2.(6)
We have ∑
16n6M
χ(n)e
(rn
k
)
=
k∑
a=1
e
(ar
k
)
S(a),(7)
where
S(a) =
∑
16n6M
n≡a mod k
χ(n).
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Fix some 1 6 a 6 k and consider S(a). Let d = (a, k) and write
a′ =
a
d
, k′ =
k
d
,
so that
S(a) =
∑
16n6M
n≡a′ mod k′
n≡0 mod d
χ(n) =
1
φ(k′)
∑
ψ mod k′
ψ(a′)
∑
16n6M
n≡0 mod d
ψ(n)χ(n).
If (d, q) 6= 1 then S(a) = 0. If (d, q) = 1 then by (6) and Lemma 4 we
have
|S(a)| 6
1
φ(k′)
∑
ψ mod k′
∣∣∣∣∣∣
∑
16n6M/d
ψ(n)χ(n)
∣∣∣∣∣∣≪ kNq−δ
for some δ > 0 depending on ε. By (5) and (7) this gives∣∣∣∣∣ ∑
16n6N
χ(n)e(αn)
∣∣∣∣∣≪ k2(log q)3Nq−δ ≪ (log q)9Nq−δ ≪ Nlog q ,
which completes the proof. 
The proof of the following is based on some ideas of Garaev and
Karatsuba [11].
Lemma 7. For integer q we define
c =
{
1
4
if q is cubefree,
1
3
otherwise.
For any primitive character χ mod q, any ε > 0 and integers M and
N with N < q1−c−ε we have∑
M<n6M+N
χ(n)≪ q1/2.
Proof. Expanding into Gauss sums, we have∣∣∣∣∣ ∑
M<n6M+N
χ(n)
∣∣∣∣∣ = 1q1/2
∣∣∣∣∣∣
∑
M<n6M+N
∑
0<|m|6(q−1)/2
χ(m)eq(mn)
∣∣∣∣∣∣
=
1
q1/2
∣∣∣∣∣∣
∑
0<n6N
∑
0<|m|6(q−1)/2
χ(m)eq(m(M + n))
∣∣∣∣∣∣ .
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Let
S1 =
∑
0<n6N
∑
0<|m|6q/N
χ(m)eq(m(M + n)),
and
S2 =
∑
0<n6N
∑
q/N<|m|6(q−1)/2
χ(m)eq(m(M + n)),
so that ∣∣∣∣∣ ∑
M<n6M+N
χ(n)
∣∣∣∣∣ 6 1q1/2 (|S1|+ |S2|) .
Bounding S1 trivially gives
|S1| 6 q,
and hence ∣∣∣∣∣ ∑
M<n6M+N
χ(n)
∣∣∣∣∣ 6 q1/2 + |S2|q1/2 .(8)
Considering S2, we have
S2 =
∑
q/N<|m|6(q−1)/2
χ(m)eq(Mm)
eq((N + 1)m)− eq(m)
eq(m)− 1
= S2,1 + S2,2,(9)
where
S2,1 =
∑
q/N<|m|6(q−1)/2
ρ(m)χ(m)eq((M +N + 1)m),
and
S2,2 =
∑
q/N<|m|6(q−1)/2
ρ(m)χ(m)eq((M + 1)m),
and ρ(m) is given by
ρ(m) =
1
eq(m)− 1
.
Considering S2,1, by partial summation
S2,1 =
∑
q/N<t6(q−1)/2
(ρ(t)− ρ(t + 1))T (t) + ρ((q − 1)/2)T ((q − 1)/2),
where
T (x) =
∑
q/N<|m|6t
χ(m)eq((M +N + 1)m).
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Since
T ((q − 1)/2)≪ q1/2 log q,
and
(ρ(t)− ρ(t + 1))≪
q
t2
,
we have
S2,1 ≪ q
1/2 log q + q
∑
q/N<t6(q−1)/2
T (t)
t2
.
Let
T0(t) =
∑
0<|m|6t
χ(m)eq((M +N + 1)m),
so that
T0(t) = T (x) +O
( q
N
)
,
and hence
S2,1 ≪ q
∑
q/N<t6(q−1)/2
T0(t)
t2
+ q1/2 log q +
q2
N
∑
q/N<t<(q−1)/2
1
t2
≪ q
∑
q/N<t6(q−1)/2
T0(t)
t2
+ q.
Since N 6 q1−c−ε we have q/N > qc+ε and hence by Lemma 6
S2,1 ≪
q
log q
∑
q/N<t6(q−1)/2
1
t
+ q ≪ q.
A similar argument shows that
S2,2 ≪ q,
and hence by (8) and (9)∣∣∣∣∣ ∑
M<n6M+N
χ(n)
∣∣∣∣∣≪ q1/2,
which completes the proof. 
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4. Estimate for the ℓ1 norm of an exponential sum
In this section we estimate the ℓ1 norm of the Fourier transform of
an approximation to an interval. The following is [22, Lemma 3]
Lemma 8. For any real number x and positive integer n we have
n∑
j=1
| sin jx|
j
6
2
π
log n+O(1).
Lemma 9. For integers M,N and K satisfying
N + 2K < q, K 6 q1−c,
for some 0 < c < 1 we define the function f by
f(x) = 1 if M + 1 6 x 6M +N − 1,
f(x) =
x
K
+ 1−
M + 1
K
if M + 1−K 6 x 6M + 1,
f(x) = −
x
K
+ 1 +
M +N − 1
K
if M +N − 1 6 x 6 M +N − 1 +K,
f(x) = 0 otherwise,
and let f̂(a) denote the Fourier transform of f
f̂(a) =
q∑
x=1
f(x)eq(ax).
We have
q∑
a=1
|f̂(a)| 6 (1 + o(1))
4q
π2
log (q/K).
Proof. For a 6≡ 0 mod q we have
f̂(a) = S1 + S2 + S3,
where
S1 =
∑
M+16x6M+N−1
eq(ax),
S2 =
∑
M+1−K6x6M+1
x−M − 1 +K
K
eq(ax),
and
S3 =
∑
M+N−16x6M+N−1+K
M +N − 1 +K − x
K
eq(ax).
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We have
S1 = eq((M + 1)a)
1− eq(a(N − 1))
1− eq(a)
,
S2 = eq((M + 1)a)
1
K
∑
06x6K
(K − x)eq(−ax)
= −
eq((M + 2)a)
1− eq(a)
−
eq(Ma)(1 − eq(−Ka))
K(1− eq(−a))2
,
and
S3 = eq((M +N − 1)a)
1
K
∑
06x6K
(K − x)eq(ax)
=
eq((M +N − 1)a)
1− eq(a)
−
eq((M +N)a)(1− eq(Ka))
K(1− eq(a))2
.
This implies that
f̂(a) = eq((M −K + 2)a)
(1− eq((N +K − 2)a))(1− eq(Ka))
K(1− eq(a))2
+O(1),
and hence
|f̂(a)| 6
| sin (π(N +K − 2)a/q)|| sin (πKa/q)|
K| sin(πa/q)|2
+O(1).
Summing over a = 1, . . . , q gives
q∑
y=1
|f̂(a)| 6 2
∑
16a6(q−1)/2
| sin (π(N +K − 2)a/q)|| sin (πKa/q)|
K| sin(πa/q)|2
+O(q)
(10)
= 2T1 + 2T2 +O(q),(11)
where
T1 =
∑
16a6q/4K
| sin (π(N +K − 2)a/q)|| sin (πKa/q)|
K| sin(πa/q)|2
,
and
T2 =
∑
q/4K6a6(q−1)/2
| sin (π(N +K − 2)a/q)|| sin (πKa/q)|
K| sin(πa/q)|2
.
We have
T1 =
q
π
∑
16a6q/4K
(
| sin (πKa/q)|
πKa/q
)(
πa/q
| sin(πa/q)|
)2
| sin (π(N +K − 2)a/q)|
a
,
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and since K 6 q1−c we get
T1 6 (1 + o(1))
q
π
∑
16a6q/4K
| sin (π(N +K − 2)a/q)|
a
,
hence by Lemma 8
T1 6 (1 + o(1))
2q
π2
log (q/K).
Considering T2, we have
T2 ≪
q2
K
∑
q/4K6a6(q−1)/2
1
a2
≪ q.
Combining the above with (10) gives
q∑
y=1
|f̂(a)| 6 (1 + o(1))
4q
π2
log (q/K),
and completes the proof. 
5. Proof of Theorem 1
Considering the sum
S =
∑
M<n<M+N
χ(n),(12)
since ∑
M<n6M+q
χ(n) = 0,
by modifying M if necessary we may assume that
N <
q
2
.(13)
Define c by
c =
{
1
4
if q is cubefree,
1
3
otherwise,
and for a sufficiently small ε we let
K = ⌊q1−c−ε⌋.(14)
Define the function f by
f(x) = 1 if M + 1 6 x 6M +N − 1,
f(x) =
x
K
+ 1−
M + 1
K
if M + 1−K 6 x 6M + 1,
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f(x) = −
x
K
+ 1 +
M +N − 1
K
if M +N − 1 6 x 6M +N − 1 +K,
f(x) = 0 otherwise.
Considering (12), we have
S =
∑
n
f(n)χ(n)−
∑
M+1−K6n6M+1
(
n
K
+ 1−
M + 1
K
)
χ(n)
−
∑
M+N−16n6M+N−1+K
(
−
x
K
+ 1 +
M +N − 1
K
)
χ(n).
By partial summation and Corollary 7∑
M+1−K6n6M+1
(
n
K
+ 1−
M + 1
K
)
χ(n)≪ q1/2,
and ∑
M+N−16n6M+N−1+K
(
−
x
K
+ 1 +
M +N − 1
K
)
χ(n)≪ q1/2,
so that
S =
∑
n
f(n)χ(n) +O(q1/2).
Hence it is sufficient to show∣∣∣∣∣
q∑
n=1
f(n)χ(n)
∣∣∣∣∣ 6
(
4c
π2
+ o(1)
)
q1/2 log q.(15)
Expanding f into a Fourier series and using Lemma 9, we get∣∣∣∣∣
q∑
n=1
f(n)χ(n)
∣∣∣∣∣ 6 1q
q∑
a=1
|f̂(a)|
∣∣∣∣∣
q∑
n=1
χ(n)eq(−an)
∣∣∣∣∣
6 (1 + o(1))
4q
π2
log (q/K)q1/2
= (1 + o(1))
4c
π2
q1/2 log q,
and completes the proof.
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